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J. Phys. A: Math. Gen. 16 (1983) L123-L126. Printed in Great Britain 

LE'ITER TO THE EDITOR 

Kahler fields and five-dimensional Kaluza-Klein theory 

I M Benn and R W Tucker 
University of Lancaster, Department of Physics, Lancaster, UK 

Received 4 January 1982 

Abstract. The Einstein-Kahler equations on a five-dimensional pseudo-Riemannian mani- 
fold with Kaluza-Klein symmetry are discussed. 

The Kahler equation (Kahler 1962, Graf 1978) has recently attracted the attention 
of physicists (Benn and Tucker 1982b, 1983, Banks et a1 1983, Becker and Joos 1982). 
This equation for an inhomogeneous differential form, that is a general element of 
the exterior algebra generated by a basis for the cotangent space of the space-time 
manifold, offers, in Minkowski space, an alternative description of half -integral spin 
to that provided by the conventional formulation of the Dirac equation. It has been 
suggested (Benn and Tucker 1983, Banks et a1 1983) that this description of fermions 
might provide a starting point for their incorporation into Kaluza-Klein theories. In 
this letter we report on the equations obtained from the Einstein-Kahler action in 
five dimensions when the metric has Kaluza-Klein symmetry. Our conventions for 
the Kahler equation are found in Benn and Tucker (1982b, 1983) and full details of 
the dimensional reduction of the Einstein equation may be found in Benn and Tucker 
(1982a). 

We take the action-density five-form 

A =  RAE A #  ( E A  A E B ) + A S ~ { ~ " E ~ ~ S X A @ + m ~ . @ } Z  (1) 
where EA,  # and RAE are the orthonormal coframes, Hodge map and curvature 
two-forms associated with the five-dimensional metric. V X, denotes the pseudo- 
Riemannian covariant derivative with respect to a vector of an orthonormal frame, 
and v is the Clifford product defined with respect to the five-dimensional metric. A 
and m are arbitrary constants and Z is the volume five-form # 1. S, projects p-form 
components from an arbitrary element of the exterior algebra. @ is a real Kahler 
field, that is an element of the (real) exterior algebra, and 

&=[q@ (2) 
where the automorphism 77 and anti-automorphism 5 commute with S,  and satisfy 

where [p/2] is the integer part of p/2. The five-dimensional field equations obtained 
from (1) are 

RAE A ( E ~  A E~ A E ~ )  + ATCA # = o ( 5 )  
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and capital indices are raised and lowered with the matrix of orthonormal five-metric 
components q A B  =diag(-1, 1, 1, 1, 1). It should be noted that the Kahler action only 
involves the pseudo-Riemannian connection (in fact it can be written solely in terms 
of the Hodge map and the exterior derivative), and thus, in constrast to the usual 
Cartan-Dirac formulation, these equations involve no torsion. 

To analyse these equations we assume orthonormal co-frames of the form 

E a = e a  

E5 = p ( d r 5 + A )  

a =0 ,  . . . , 3  

where the ea  are one-forms on four dimensions and are identified as orthonormal 
with respect to the Lorentzian space-time metric. p is a Jordon-Thirry field taken 
for simplicity to satisfy 

ap/ax ' = o (10) 
and A may be interpreted as the electromagnetic potential one-form on space-time. 
The Einstein equations ( 5 )  then reduce to 

Rab h * (e  h e h e , )  + 4 p '(i, h F h * F - F h i, * F )  + (2/p)Di, * dp + AT,, * e a = 0 
(11) 

(12) 

(13) 

Rab are the curvature two-forms and * the Hodge map associated with the space-time 
metric. D is the SO(3, 1) space-time covariant exterior derivative and F = dA. We 
decompose @ as 

d(p3 * F )  =Ap2T5, * e a  

d * dp = i p  3F A * F - $ A A ~  ( T55 - BT", ) * 1. 

@=:(a +p)+i((Y - p )  hE5 (14) 
where a and /3 are x5-dependent Kahler fields on space-time. Equation (6) then 
becomes 

eavVx,a -Av g a  a P  +-(Fvqa + q a P ) - i ( F V q @  P +inFviaqp) ax 4 

V denotes the space-time pseudo-Riemannian connection and the {X,} are an 
orthonormal basis of vectors on space-time dual to the {e"}. The Clifford product 
associated with the space-time metric is denoted v .  By aa/ax' we mean the 
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inhomogeneous form on space-time whose components are the partial derivatives 
with respect to x 5  of those of a. 

To complete the reduction the components of a and p may be expanded as Fourier 
series in x 5 .  It is then seen that harmonics of a and p have masses proportional to 
their charge, a feature in common with the Dirac equation reduced from five 
dimensions (Souriau 1963, Thirring 1973, Dereli and Tucker 1982). Also in common 
with the reduced Dirac equation are the Pauli interactions Fvqa as well as the minimal 
interactions A, a a / a x 5 .  The most obvious difference the Kahler equation presents is 
that one Kahler field in five dimensions reduces to two in four dimensions, whereas 
if we take a Dirac equation for a spinor in five dimensions then we may reduce this 
to an equation for a four-dimensional spinor. Each of the fields a and p is equivalent 
to four Dirac spinors, which will in general be coupled unless the four-dimensional 
space-time is flat. In addition, we now have explicit interactions occurring as right 
Clifford multiplication, e.g. qa,F. These terms will split the degeneracy of the four 
Dirac spinors contained in a even if the four-dimensional space-time may be approxi- 
mate by Minkowski space. Further, there are terms coupling the a and p equations. 
It is thus seen that just as four-dimensional curvature couples the four different 
spinors in the four-dimensional Kahler equation, so does electromagnetism when it 
is a facet of the curvature of a five-dimensional Kaluza-Klein manifold. 
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